Recap Notes

INDEFINITE INTEGRAL

>

Integration is the inverse process of differentiation.
e LR = f(3) = [ ) dx=F@) +C,
x

where C is the constant of integration.
Integrals are also known as antiderivatives.

Some Standard Integrals

>

jdx =x+C, where ‘C’ is the constant of

integration

xn+1
Jx"dx: +C, where n # -1
n+1
Jexdx =" +C
ux
Jaxdx= +C, where a > 0
log,.a

j%dx:logg |x|+C, where x # 0
jsinx dx=—-cosx+C

Jcosx dx =sinx+C

Jseczx dx=tanx+C

jcoseczx dx=-cotx+C

_[secx tanx dx =secx+C

J.COSGC x cotx dx =—cosec x +C

J%:sm_lx+c= - cos_lx + C,
1-x where |x| <1

d
J x2 =tan'x+C=-cot!x+C
1+x

1
J.—dx = sec”! x + C = - cosec”'x + C,
2
-1 where |x| > 1

jtanxdx = log|sec x| + C = -log |cos x| + C

Integrals

A4

Icotx dx=log|sin x| + C

J.secxdx =log|secx+tanx| + C

X T
tan| —+—
(2 4)

> J.cosecxdx =log|cosec x - cotx| + C

=log +C

X

=log|tan—=|+C
og an2

Properties of Indefinite Integral
(i) If’(x)dx = f(x)+C

(ii) J. fx)dx = Ig(x)dx +C, fand gareindefinite integrals
with the same derivative.

(i) L)+ g)dx = [ fx) dx + [ g(x) dx

(iv) Jk fx)dx= kJ. f(x) dx, k being any real number.

METHODS OF INTEGRATION
Integration by Substitution

> The given integral ff(x) dx can be transformed
into another form by changing the independent
variable x to t by substituting x = g(f).

Integrals Substitution
Jf(ux+b)dx ax+b=t
| F(8(x))g (x)idx g =t
f'&)
———dx =t
e J
JF@)" £ fa) =t
J(pxw) [ox +d dx px +q=A(cx + d) + B.
Find A and B by equating
px +q . .
or J' dx coefficients of like powers
cx+d of x on both sides.




Integrals of Some Particular Functions

1

J—dx or [ex+d=1¢

(px+q)Nex+d @ J- 21 de:llog atx|, -
J‘ 1 a—x 2a a—Xx

dx
2
(px”+gx+7r)Jex+d (i) _[ dx—sm ( )+C
1 1 va

— =
J 2 px+q 1
(px+q)\/;x +dx+e 1 t (i) Jﬁdx:logh"' /xz_a2|+c

J—dx x== and then ¢ +dt* = u?
1
(px® +qWex® +d t (iv) Iﬁdx=log‘x+ /x2+a2‘+c

J pxTq dx or (P'x + ‘1)

1
2 b bx+ =—
e — AL (a? tbr+o)+B ) .[ 2_11 - Iogx_'_u C
+ dx
[ 1 1
a?sbxre (Vi)_[ 5 2dx:—tarfl£+C
x“+a a a

J(px+q) ax® +bx +cdx

Integration by Partial Fractions

Integration using Trigonometric Identities > If f(x) and g(x) are two polynomials such that

> When the integrand consists of trigonometric deg f(x) > deg g(x), then we divide f{x) by g(x).
functions, we use known identities to convert it into

a form which can be easily integrated. Some of the - &) _ Quotient + Remainder
identities useful for this purpose are given below : glx 8(x)
@) 2sin? (f): (1-cosx) > If f{x) and g(x) are two polynomials such that the
2 degree of f(x) is less than the degree of g(x), then
i) 2cos? (E): 1+ x
(t) 2cos 2 (I+cos) we can evaluate I%dx by decomposing %
TR . . 8\
2 = + + -
(%H) St X C(,)S 7 s%n (c+y) s.m (=) into partial fraction.
(iv) 2 cos x sin y = sin (x + y) - sin (x - )
(v) 2 cos xcos y =cos (x + y) + cos (x - y) Form of the Rational Form of the Partial
(vi) 2 sin x sin y = cos (x - ) - cos (x + ) Function Fraction
> Some Special Substitutions and/ I A .\ B
Expression Substitution (x—a)(x—b) ' x—a x-b
22 x =asinO or a cosO p+q A N B
_ (x—a)? x—a (x-a)?
2422 or (a+12) x = atanb or a cotd
2 2 x = a secO or a cosecO pxtq i+ B 5+ C3
i (x—a)® X—a (x—a)® (x—a)
— X =a cos20
N px2+qx+r A B C
a+x a-x — = + +—
(x—a)(x=b)(x—c) x-a x-b x-c
X 1—x x = a sin’0 or a cos’0
B 2
a—x O\ x P tgxtr A, B, C
2 - - -b
- —b x—a (x-a)” (x-b)
x atx x = a tan0 or a cot’ (c=a)(x=b) (x=a)
or ,|—
a+x x px2+qx+r A N Bx+C
I L A ot
T x b x=acos’0+bsin’ 0 (x—a)(x? +bx +0) X=a x"+bx+c
or
x-b a-x where x> + bx + ¢ can not
or J(a—x)(x-b) be factorised further




Integration by Parts

» If uand v are two differentiable functions of x, then
j(uv) dx = [u -Jvdx] —I{Z—Z~Ivdx} dx |

In order to choose 1% function, we take the letter
which comes first in the word ILATE.
I - Inverse Trigonometric Function
L - Logarithmic Function
A - Algebraic Function
T - Trigonometric Function
E - Exponential Function
> Integral of the type

[e (f@)+ f@)dx =¥ f(x)+C
INTEGRALS OF SOME MORE TYPES

2
(i) _[ a® —x%dx =§\/a2 —x2 +a?sin_1 (E)+C
a

(ii) j\/x2 —azdng\/xz —a? —§10g|x+\1x2—a2 |+C

2
(iii) J.\/x2+u2dx=§\/x2+u2 +%Iog‘x+\/x2+u2‘+c

DEFINITE INTEGRAL

> Let F(x) be integral of f(x), then for any two values of
theindependent variable x, say a and b, the difference
F(b) - F(a) is called the definite integral of f(x) from

b

a to b and is denoted by If(x)dx.
a

Here, x = a is the lower limit and x = b is the upper
limit of the integral.

FUNDAMENTAL THEOREM OF CALCULUS

> First Fundamental Theorem : Let f{x) be a continuous
function in the closed interval [g, b] and let A(x) be
the area function. Then A’(x) = f(x), for all x € [a, b].

>» Second Fundamental Theorem : Let f(x) be a

continuous function in the closed interval [a, b] and
b

F(x) be an integral of f{(x), then ff (x)dx = F(b) - F(a)

EVALUATION OF DEFINITE
SUBSTITUTION

> When definite integral is to be found by substitution,
change the lower and upper limits of integration. If
substitution is ¢t = f(x) and lower limit of integration
is a and upper limit is b, then new lower and upper

INTEGRAL BY

limits will be f(a) and f(b) respectively.
SOME PROPERTIES OF DEFINITE INTEGRALS
b b
() J, fedx=] fioyt

(i) I: fla)dx = —jb” F(adx

In Particular j: fx)dx =0
(i) [} e =[ f@px+[ fa)ix, wherea < c<b
(iv) [ F@)x=]" fla+b-x)x
(W) Jy F@dx=[] fla-xx

° i fx)== )

(vi) [, flondx = 2" flxpd, i f(-x)=f(x)

(vif) [ F@ode= [ flodr+ [! f2ax)dx

2]{ f(x)dx, if f(2a—x)= f(x)
0

2a
(viti) [ fx)dx=
0 0, if f(2a—x)=—f(x)




@ Multiple Choice Questions (MCQs)

1.

Practice Time

OBJECTIVE TYPE QUESTIONS

Evaluate :

j(Ssinx —2cosx +4sec’x — 5cose02x) dx

(@)
(b)
(©
(d)

2.
(a)

(b)

(©

(d)

(a)
(©)

(a)

(©)

(2)
(c)

—3 cosx — 2 sinx + 4 tanx + 5 cotx + C
3 cosx + 2 sinx + 4 tanx + 5 cotx + C
—3 cosx + 2 sinx — 4 tanx — 5 cotx + C
— 3 cosx — 2 sinx — 4 tanx — 5 cotx + C
Evaluate : J(zx +27)2 dx

1 _
2log?2

1

m(ZZx —2_2x)+2x+C

;(22’“ +272) 4+ 2x+C
2log?2
;(22’“ +272%) 4+ C
2log?2

s 2 2
. sin“ x —cos“ x
Find the value of Jﬁdx .
sin“ x cos” x
(b) —tanx + cotx + C

(d) —tanx — cotx +C

tanx — cotx + C
tanx + cotx + C
4

X
Evaluate : J 5 dx
9% +1
1 17 1 5
—log| — b) —log|—
2 og(5 ) (b) og(”)
17 5
log| — d 2
og( 5 ) (d) log(”)
2
_[xex dx is equal to
2 2
e* e*
-—+C b) —+C
2 ®) 2 *
ex X
?+C (d) ——+cC
Evaluate : J‘de

x . xY
cos—+sm—)
2 2

(a)

(©

(@)

(©

(a)

(@]

(a)

(©

10.

(2)

(b)

©
(d)

11.

[

2 ¢ ®»—= i
. X . X
COS—+s1n — COS——sIn—
2 5

2 ¢ @ ¢

X .x x .Xx
COS— +sln— CcOoS——sIn—
2 2 2 2

(x2 +x)
V2x+1
57-55 b) >

57 +5v5 57-5V5
5 @ 5

92" 9% x
Evaluate : j2 2° 2%dx

dx

4
Evaluate: j
2

57-5

1 22" 1
527 +C (b) :
(log 2) (log2)
x 2%
L_22.c @) ——22
(log 2) (log2)

Evaluate : [ 2+ 3dx

X 3
2 ) 2

log2
2(96 -3)

log2

log2
2(3(? +3)

+C

(d)

+
log2

3

Evaluate : Jsin x cos®x dx

_—1{_—3cos2x +lc0s6x} +C
3212 6

i{_—3cos6x +lcos2x} +C
3212 6

l{_—3003296 +lcos6x} +C
321 2 6

None of these

Evaluate : ‘[«/(x -3)(5—x)dx



(@)

(b)

(©)
(d)

12.

(@)
©

13.

(a)

(©)

14.

(a)

(b)

(©

(d)

15.

(@) e

(©)

16.

(a)

(©)

17.

Le-of@-36-n +%cos_1(x —H+C

2

%(x—4)«/(x—3)(5—x) +%sin_1(x—4)+C
%\/(x—3)(5—x) +%sin_1(x—4)+C

None of these
n/4
Evaluate : _[ tan® x dx
0

(1 —log2) (b) (1 + log2)

l(1 “log2) @ %(1 +1og2)

cotx

\/Sl

-3 -2
——+C b —

sin® x

Evaluate : J

+C

LJF C (d) None of these

Evaluate : sz(ax + b)_zdx

2
1 ax+b- b

+C
3 ax +

5 2blog(ax + b)

2

ax+b+ +C

A 2blog(ax + b)

2

3

Q

1

a3

ax+b+

ax+b-

a
1

s ax +
1

2

b +2blog(ax + b)
ax+b

b +2blog(ax + b)
ax+b

+C

+C

1
Evaluate : J{ex +sin %} dx
0

2\/_4

1+— =

2[4

e+1—— i d) e-1+

.

3 x 3/2 2 x 3/2
Zsin”! (—) +c () Zsin! (—) +c
2 a 3 a

3/2 3/2
2 cos ! (f) +c¢  (d) 3 cos™! (f) +c
3 2 a

2 q_
Evaluate :_[0 3 dx

2/2 4
1——+—
T

2\/54

T

(b) e-

Evaluate :

(@)
(©)

18.

()

19.

(@)
(b)
(©
(d)

20.

(@)

(b)

(©)

(d)

21.

(@)
(©)

22.

(a)

(©

23.

(@)

}(eﬁ ) ®)

HCAETD) @ b )

21 dx
The value of f — 18

s1nx + 1

n (b) 0 (© 3n ()

T
2
10x +10% log, 10
10% + 210

log,(10% — %+ C

log,(10% + %+ C

log,(10% + )+ C

log,(10* — )+ C

dx

Evaluate : '[

Evaluate : I; dx

sinx ++/3cosx

llogtan I +C
2 2 6

1 X
—log|tan—
2 & 2

llog tan(f—E +C
2 2 6

llog tan(x—E]+C
2 6

2
Evaluate : _[—2865 ud dx
+tanx

(b) log|2 —tanx| + C
(d) none of these

Evaluate : I%
-2x—x

\}5 sin™! (%)+ ¢ (b)

. 1(1+x 1 1+x

sin (W)+c (d) Elog(ﬁ)+c

x£\2
Evaluate : Iw
a*b

(a)x (b)x

b—+a—+2x+C,a¢b
log—
a

log|tanx| + C
log|2 + tanx| + C

1
—log(l+x)+c
N gl +x)

dx

a
log —
ogb



(b)

(c

S

(d)

24,

(a)

25.

(a)
(c)

26.

(a)

(b)

()

(d)

217.

(a)

(c)

28.

(a)

(©)

29.

+2x+C,a#b

[E)z +(EIL +2x+C,a#b
b a

None of these

/2
Find the value of j | sin x | dx -
—1/2
0 (b) 1 () 2 (d) 3
1 -1
Evaluate : J%
p+x%)
4—1 4+1
(b) —=
22 2v2
4-1
(d) None of these
42

Evaluate : jdix
' \A'x2 —-3x+2

log x+g +Vx? -8x+2/+C
log x—g +Vx? - 3x+2[+C

—Vx? -3x+2/+C

)
)

log x—g]—m +C
)

log|| x+—
Evaluate I _43 e“dx
(x-2)

X X

€ _+cC b) —— +C
(x-2)3 (x-2)

X X
L +cC @ —¢_+cC
(x-2) (x-2)*

3_ .2 _
Evaluate : dex
x—1
3 .
rx+C () ¥ +x+C
3 3
L ix2+c @ Z+c
3 3
: _ 1 5
Evaluate : [|5x% +2x® —Tx +—+—)dx
J[ Jr o x

(a)

(b)

(©

(d)

30.

(a)
(b)

(©)

(d)

31.

(a)

(b)

(©)

(d)

32.

(a)
(©)

33.

()

()

34,

(a)

4 2
v, 1 Tx +24x —5log | x| +C

4 9t 2
4 2
o 1 T ox+5log|x|+C
4
4 9y 2
4 2
1 7
bx + X +2\/,;+510g|x|+C
4 9yt 2
4 2
5 1 T olx—5loglxl+C
4 9xt 2

Evaluate : Jtan xtan2xtan3xdx

1
5 log |sec 3x| —log |sec x| +¢

1
log |sec 3x| — 3 log |sec 2x| +¢
1 1
loglsecxl—Elog|sec3x|+§10g|sec2x|+c

% log | sec 3x| —% log | sec2x| —log |secx| +¢

dx
5—8x — x°

1, 21+x+4

NCTR Noy et

Evaluate : J

c

L [V2rexsd]

231 |al-x-4

1, |Ver-x-4

Nl Normwarr A

1 [V21-x-4
+C

221 | J2l+x+4]

Evaluate : J[sin(logx) + cos(log x)ldx

(b) sin(logx) + C
(d) cos(logx) + C

xsin(logx) + C
xcos(logx) + C

Evaluate : JSECQ(T —4x)dx
1 1
Ztan(7—4x)+C (b) Ztan(7+4x)+C

_Iltan('? +4x)+C  (d) _Tltan('? —4x)+C

X3
Evaluate:I do

X+ 2
ﬁ 2
E—x —4x-8log|x+2|+C



3

(b) %—xQ +4x-8log|x+2|+C
3
(c) E+::c2 +4x+8log|x+2|+C
(d) —+x"+4x—-8loglx+2|+C
35. Evaluate : I sm.x
l+sinx

(a) secx —tanx+ C (b) secx + tanx + x +C
(¢c) secx +tanx+ C (d) secx —tanx+x+ C

T
36. Evaluate: J xsin’x dx

-1
(a) 1 (b) 2
() -1 (d) 0
37. Evaluate : J(ex loga | ,alogx +ea]°ga)dx

) a+l a
(a) a*loga+ +—+c
a+l «x
®) a*loga+(@a+Dx® +a% +c
a® a+l
(c) + +a%+c
loga a+1
(d) None of these
X X

38. Evaluate : j 2+ 3 dx

(a)

(b)

(c

—

(d)

39.

(a)
(c)

40.

(a)

(©)

G
o 2] e ()
B ()
o ) e ()
B G,
log, (g) log, (g)

none of these

+C

+C

Evaluate : joz(x—[x])dx
0 (b)
1 (d)
1
Evaluate : ‘[7(" x)4 dx
x

e
4 1 |
—|1-— C b
15( 0 } * ®)

-1
2

2 Case Based MCQs

Case I : Read the following passage and answer
the questions from 41 to 45.

Integration is the process of finding the anti-
derivative of a function. In this process, we are
provided with the derivative of a function and
asked to find out the function (i.e., Primitive)

Integration is the inverse process of
differentiation.

Let f (x) be a function of x. If there is a function

d
g(x), such that Ir (g(x)) = f (x), then g(x) is
called an integral of f (x) w.r.t x and is denoted
by Jf(x)dx: g(x) + ¢, where ¢ is constant of

integration.

_[(Sx +4)3dx is equal to

(a)

(c)

42,

(a)
(©)

43.

(a)

(c)

4 4
(Bx+4) te ®) 3(3x +4)
12 4
2 2
3(3x +4) te ) 3(3x +4) ‘e
2 4
j (x+ b’ dx 1s equal to
x(x +1)
log|x| +¢ () log|x| +2tan'x+¢
—Joglx®+ 1] +c¢  (d) logla(x®+1)| +c
jsinzx dx is equal to
x sin2x x sin2x
_+ _—
2 4 ®) 2 4
+ sin 2x - @ x- sin 2x



44. jtanzx dx 1s equal to

(a) tanx+x+c¢
(c) —tanx+x+c

(b) —tanx—x+c
(d) tanx—x+c

45. J- 2dx

is equal to
sin“xcos“x

(a) 2tan2x +c
(c) —2cot2x+c

(b) -2 tan 2x + ¢
(d) 2cot2x+c

Case II : Read the following passage and answer
the questions from 46 to 50.

When the intergrand can be expressed as a
product of two functions, one of which can be
differentiated and the other can be integrated,
then we apply integration by parts.

If f(x) = first function (that can be differentiated)
and g(x) = second function (that can be
integrated), then the preference of this order
can be decided by the word “ILATE”, where
stands for Inverse Trigonometric Function
stands for Logarithmic Function

stands for Algebraic Function

stands for Trigonometric Function

stands for Exponential Function. then

[f@g@)dx = f(x)[ gx)dx - {% @] g(x)dx}dx

o L

46. jxsinax dx =

xcos3x sin3x
(a) - +c
3 a
(b) _xcos3x sin3x
3 9
© xcosdx N sin 3x ‘e
3 9
2 _xcosSx B sin3x ie
3 9

47. jlog(x +1) dx =

(a) log(x+1)—x+c¢
(b) xlog(x+1)—x+c
() xloglx+1)—logx+1)+x+e¢
(d) xlog(x+1)+log(x+1)-x+c

48, Jtan_lx dx =

- 1
(a) xtan ]x+§logll—x2|+c

(b) —%logllﬂ\:2 [+c¢

_ 1
(c) —xtan 1.vc:—glog|1+;\:2|+c
(d) xtan_lx—%logll+x2|+c

49. _[xze'?x dx =

eBx
(a) ?(9x2 +6x+2)+c

e3x -
(b) ?(sz—6x+ 2)+¢

3x

€ 0.2
(c) o7 (9x*+6x+ 2) + ¢

e P)
e —6x+2)+
@) S OxF—6x+2)+c

50. [(f(x)g"(x)~ " (x)g(x)) dx =

(a) f(x)g'(x) —f'(x)gx) +c
(b) fx)g'(x) + f(x)g(x) + ¢
() f'(x)g(x) —f(x)g'(x) +c
f(x)
) AL
v @) ¢
Case III : Read the following passage and
answer the questions from 51 to 55.

Let f be a continuous function defined on the
closed interval [a, b] and F be an antiderivative

of f, then Jf: f(x)dx =| f(x) |ﬁ= Fb)-F(a)

This result 1s very useful as it gives us a metod
of calculating the definite integral easily. Here,
we have no need to write integration constant
¢ because if, we will write F(x) + ¢, instead of
f(x), we get

j;f(x)dx=| f(x)+c Ig =F(b)+c—F(a)-c=F({)- F(a)

/2

51. Evaluate : jcos 9% dx
/4
1 1 1 1
@ 7 b 3 © -7 @ -3
2d
52. Evaluate : ‘[_x
2
1%
1
(a) = b) 1 (€ 2 (d) -1



53. J is equal to
1 2x+3
3
(a) log 5 (b) log3—-1log1
log 3
() — (d) log 3+1log1

@ Assertion & Reasoning Based MCQs

3
54. j(x ~1)(x - 2)(x - 3)dx is equal to
1

(a) 3 (b) 2 () 1 (d 0
55. erxdx equals
(@) e®—e' (b) et—e® (¢) & (d) €2

Directions (Q.-56 to 60) : In these questions, a statement of Assertion is followed by a statement of Reason is given. Choose

the correct answer out of the following choices :

(a) Assertion and Reason both are correct statements and Reason is the correct explanation of Assertion.
(b) Assertion and Reason both are correct statements but Reason is not the correct explanation of Assertion.
(c) Assertion is correct statement but Reason is wrong statement.

(d) Assertion is wrong statement but Reason is correct statement.

56. Assertion:

cos 2x
4

Reason : 2cos Asin B=sin(A+ B)—sin(A-B)

—cos8x

+C

jsin 3xcosbx dx=

57. Let F(x) be an indefinite integral of sin? x.
Assertion : The function F(x) satisfies F(x + m)
= F(x) for all real x.

Reason : sin®(x + 1) = sin’x for all real x.

" J_2 1/3 i

03/ 1-¢3

Reason : The integrand of the integral I becomes

58. Assertion: J =

rational by the substitution ¢ = *
V1 +x°
2n
59. Assertion: I sin’x dx =0
0
Reason : sin® x is an odd function.
/2
o A . 6 om
60. Assertion : The value of J sin®xdx === .
16
0
w2
Reason : If n is even, then J sin” xdx equals
0

n-1n-3 n-5 lE
T2 2.

n n-2n-4"

SUBJECTIVE TYPE QUESTIONS

@ Very Short Answer Type Questions (VSA)

1. Write the antiderivative of (3\/J;+L)
Jx
2. Evaluate : JCOS_I(Sinx)dx

2
sec x
dx.

3. Write the value of I
cosecZ x

4, Write the value of j“ﬂdx.
cos” x

5. Evaluate :

2
J-(log x) d
X

6. Find: J
9+ 4x>

7. Find: _[x log x dx

8. If j fmd the value of a.

4+x
x

—dx.

9. Write the value of J
1 +e%*
4

10. Find the value of jlx —5ldx.
1



@ Short Answer Type Questions (SA-I)

. X .1
11. Find: [V1-sin2x dx,g<xég 16. Find: [sin™'(2x)dx
17. Find : Jx-tan_lx dx

18. Evaluate J[ %]ez"dx.

dx x 9
— N
\f5—4.7c:—2:\:2

19. Find the value of jtan_l [1_72:‘2 ]dx.

.9
2x + 2sin”
12. Evaluate : Jcos ad 23m xdx
cos” x

13. Find: j

14. Find: _[ 1+x—x
x%+4x+8 j1+tanx
20. Find: | ——dx
. x+1 1-t
15. Find | ————dx. anx
J.(x+2)(ar,+3) _Z
@ Short Answer Type Questions (SA-II)
21. Evaluate : jwdﬂc 29. Evaluate : jezx-sin(3x+1)dx
sin(x + a) -1,
) . . 30. Evaluate : [X%%5
22. Evaluate : Jsmx sin 2x sin 3x dx j ||'1 2
/2
23. Findj(\ftanx +\fcotx)dx. 31. Evaluate : J xZsinx dx
T
2 e
24. Evaluate : de 32. Evaluate JeQx-sm(—+x)dx.
J\l'src2+5;!c+6 0 4
e
bx +3 ) x
y o S 4 33. Evaluate : | ———————dx
25. Evaluate .jmdx valuate :[1+sinotsinx
) 4
26. Evaluate : [SMX—COSX ;. 34. Evaluate: [[lx-1]+|x-2]|+|x—-3|]dx
j Vsin 2x ‘!
35. Usin roperties of definite integrals,
27. Find : J—(x FD6C D) & prop x &
(x +3)(x“ —5) 1
evaluate the following :
28. Find : _[—d '[1+v'ta
(x +1)(x-1) 6

:} Long Answer Type Questions (LA)

Gx+T 39. Prove that
36. Evaluate : I X
V@ —5)(x—4) /4

I (Wtanx ++cotx) dx = \Eg
0

j x2+1 d
37. Evaluate : J (x _1)%(x +3) *
-1 xdx
38. Find : Jsm 1\F cos™ Vx dx, x€[0.1] 40. Evaluate : j -
sin1Vx +cos 1 Vx 2 cos® x +b%sin’ x



1. (a): Let
I= J(35inx ~2cosx +4sec’x -5 coseczx) dx
= I:3jsinxdx—2_[cosx dx+4_[sec2 xdx_5_[cosec2xdx
= [=-3cosx-2sinx+4tanx+5cotx+C
2. (b): We have, _[[2"r +272 dx = _[(22'r +27% 12)dx
92x y2x
“log2)x2  (log2)(-2)

-1 Q% -2+ 2x+C
2log 2

+2.x+C

2 2

SN X—COos X
3. (c) : Wehave, Jﬁdﬁc

sin“xcos“x

= J'(sec2 x — cosec?x)dx

= tanx + cotx + C

4
X
4. (a):Let =
( £x2+1

1
Putx®’+1=f = 2xdr=dt = xdxzaa‘t

Also,x=2:>t=5andx=4:>t=17

I=_ ﬁ 1[1
25

2
5. (b):Let I=[xedx

Putx’=t = 2xdx=dt = xd_*(:%

2
t x°

f:lje*drz"'—+cze—+c
2 2 2

6. (c):We have,

J- cosx dy = j cos (1/2) —sin (x/Z) dx
(cosf N sinE)S {cos(x/2)+sin(x/2)}>
2 2

X . X X
Put t=cos—+sin— = 24t= cos——%m dx
2 2 2 2

- jcos(*{/Z) sin(x/2) a‘ —ZI it
X X
(cos— +sin )
2 2
= 2 +C= 2 - +C
t cos(x/2) +sin(x/2)
x2 +x)

7. (d): We have, J dx

\l'\f+

1 17
f];"=5[log17_log5] —log( )

Integrating by parts, we get

j(x ) dt (02 +x) V2r+1], - J(2x+1 N2x+1dx
=[60—6\/§)—J(2x+1)3/2dx
2

:(60—6J§)—%-[(2x+1)5/2]i

s 35-58) {5312

2t x
8. (a):Let = J‘ 227 22 0% gy

2.1' 2I
Let 22" =t = 22 22x2x{10g2)3dx=df

= I=[——dt=—t+C=—22" 4C
(log2) (log 2)° (log2)

9. (9): [20adx=[2¥.23dx =8 [2% dx
2X 2(‘(4—3)

= & +C

+C =
log2 log2
10. (c): Let [= j sin® x cos® x dx

= I:%j(Zsinxcosx}de

- I=%jsin32xdx=> I:lj‘351112:{—31116Jc

4

dx

1
= f=—[—ic052:(+1c056x}+C
321 2 6

1. (b): LetI=[/(x=3)5-x)dx = [V-x*+8x~15dx

= I=[y-{x? ~8r+16-16+15) dx

= I=[Axr—4? 1% dx=[{12 ~(x—4)% dx
= I:%(x—4),a'(x—3)(5—x)+%sin_1(x;4J+C

n/4 n/4
12. (c): Let I= J tan® xdx = _[ (scczx—l)tanxdx
0 0
n/4 n/4
= _[ sec? ytanx dx — I tan xdx
0 0

Put tan x = ¢ in first integral = sec® x dx = dt
When x=0 = t=0
x=mn/4 = t=1
1 n/4 2 1 /4
I=|tdt— | tanx dx—[_} —[log |secx |
=" <[ 2] g e



1
=|==0 |
(3-0)-

(a): Let [ =

1
sec— +lo sec 0==(1-log?2
1| log |sec 0= 2(1-log2)

cotx cosx

PR L -
3\.1' sinx 51n1/31 sinx

13. dx

CcosXx . _4/3
= sin x-cosxdx
J'glndl/q j
Put sinx = t = cosx dx = dt
s /3 3
= I=_[t Pdt=——+C=3 +C
-1/3 Jsinx
14. (a): Let I= dx
( '[ ax—i—b)

Putax+b=1t = dx=—dt

a
1 ((t-b)?
= 3I f2)

1 b2 Zb]
dt=—||1+—-=—|dt
{13'[( tZ t

1 b2 ]
=—|t-—c +C
2 {t ; 2b10gt.

_ 1( b
=3|ax+b-
a ax+b

1
15. (b): We have, | {gxﬂmﬁ}dx
4

—2blog(ax +b) ]+C

0
1
1 4 T 4
=[e¥] +—[—cos—x] =e— 1——+—
i 4" 1y NP2
2J_ 4
n J't

16. (b): Let IZI%M
a —x°

Putx¥/2=t = EJcl/zdx:dt

e p—
3 \kaa/z)z__tz

. 2 1 x*?
:5 sin~ —a3/2 +c

gj dt
32

2 3-4x T2
17. (d): We have, Ie3_4"‘dx= e
4

-]

dx
85]1"[ X + 1

0

2n
18. (a):Let = J'
0

2n

d a a
- I= im [ _[f(x)dx:-gf(a_

0

(i)

x)dx ]

2n dx 2n sinx B
= I j == _[ ————dx ..(ii)
D€ +1 0 +1
Adding (i) and (ii), we get
2n
21=[1-dx=2n [=m
0

10x” +10* log,L 10

10* 10 dx

19. (b): Let I=|

Put 10 + x10 = ¢
= (10% log,10 + 10x”)dx = dt

dx:jg

I 10x” +10% log, 10
- '[ 10% + x1°

= log, (10" + x'%) + C.

1
sinx +

e

—smx +—cosx
2 2

=log,t + C

dx

20. (a):Let I=| —

= I:lj;dx:lj'cosec(x+ﬁ)dx
24 ( n) 2 3
sin| x+—
3
= I—llo tan(£+ﬁ) +C
2 BT
[_[ cosecxdx =log tang +C]
SECZX
21. (c): Lct}:_[idx
2+tanx
Put 2 + tanx = t = sec’xdx = df
1:J%:Iog|f|+C:log|2+tanx|+C
22. (c):Let I:j dx :j dx
J-02+2v) 72— +2x+1)

i lez—(lm)’1 _I\/(ﬁ)z—(mf
Putl+x=z = dx=dz
Izjizsin_‘]iﬂ:
o2 "

2
23. (a): We have, J‘(ﬂx”’x) dx =
axbx

J(BEHEDS

2% + b2 +2a%b"
dx

a.‘f bx

A AT 1 2x+C,azh



24. (c):" |sin x| is an even function.

n/2 /2 n/2
_[ |sinx|dx=2 j |sinx|dx=2 j sinxdx
-n/2
=—2[cosx]0 =—2(0—1)=2
-1
xtan " x
25. (C) Let jﬁ
Puttan'x =0 = x = tan 0 = dx = sec’ 0 dO

When,x=0=0=0andx=1 = 9=g

1 -1 n/4
1=J xtan " x _[ 6ta1;9 oc20 40
p(1+x )3/2 p sec’8
/4 . A
= [ 6sin6d6 =[-pcos6l’* ~ | (~cos6) b
0 0
[Integrating by parts]
4—n
=[- Bcose] + s.me]m/‘1 W;i

dx

dx
'[\/xz—3x+2 =JJ(x2_3x+Z)_%
(x_i]+m

2

. _ x—2_ 2 o
§ I[(x—zf‘ (x—z)"*‘]edx

1 2 e*
= -———|e"dx = C
J[(x—Z)Z (x—zf‘] Tt

[ JUf@) + Fletdr = ¢ fx)+C]

26. (b): We have,

d.
= —l=log

I

+C

3_ .2 _
28. (a): Let fszTldx
x—

Ix (x 1)+1x’ 1) j(x +1}(1 1)d

=_[(x2+1)dx =§x‘ +x+C

29. (b): We have I(Bxa +2x7° - 7x +%+E)dx
XX

= 5J'x3dx + 2Jx_5dx - '7I xdx + jx_uzdx + 5]%3’9:

A L4 2 1/2
=52 42.2 7.2 4 +5log|x|+C
4 (-4) 2 (1/2)
¢ 1 7x?

:'————%+2JE+5103|1|+C

30. (d): Let I=Itanxtan2¥tan3xdx

tan2x + tanx
Since, tan3x =tan(2x+x)=————
1-tanxtan2x

= tanx tan2x tan3x = tan3x - tan2x - tanx ...(i)

I= _[(tan 3x —tan 2x — tan x)dx (From (i))

= 1log | sec3x | —llog |sec2x|—log|secx|+c

. jid
5—8x— TZ 21 x+4}2
J dx ‘\/_+x+4‘
(\f_ x+4} 2\/_ |\/_1 x— 4|

32. (a): Let I =J[sin(log x) + cos(log x)|dx
t

31. (b): Let = j

Putlogr=t = x=¢" = dx=¢ldt
I=J(sinf+cost)erdt =e'sint+C
= x sin(logx) + C

[+ [f) + f/()] ¥ dx =

33. (d): Let I=[sec?(7 —4x)dx

e flx) + C)

Put 7-4x=t = dx= _Ildt

tant
4

2 -
I:jsec fdt =]= +C =M+C
) )

34. (b): Let [=

Dividing x° by x + 2, we get

= J(xz — > )a‘x

3
=%—x2+4x—8108|x+2|+C

35. (d): Let I=J sinx =,[ sinx(1—sinx)
1+sinx (1+sinx)(1-sinx)
2
4 J-smx sin X =_[secxtanxdx—Jtan2xdx
COSZJC

=Jsecxtanxdx— j(seczx—l)dx =secx - tanx + x + C

T
36. (d): Letl= I x'0sin” xdx
—T
Let f(x)
and f(-x) = (—x}m [sin(—x)]7 = —xsin"x = -f(x)
f(x) is an odd function.

—‘{ 51nx

m
I= J xVsin” xdx =0

=T

37. (c) : Let I:J'(e"bg“+e“1°gx +ea1°g”)dx

X a i
:J(eloga +elogx +elogn )dx :J'(ﬂx+xrl+ﬂ”]dx
['.‘ (?logl!" = y]

x a+1

T a
= + +ax+c

loga a+1



2% +3r

38. (a):Let = j dx

2.‘(’ 3.1' 2 X 3 X
= I:js—de'F-l-S—rﬂ‘I:J.(g) dx'f‘j(g) dx
G G
= I= 5 + 5 +C
log (ZJ log (é)
e 5 e 5

2 2 2
39. (c¢):LetI= _[(x —[x]dx = dex - j[x]dx
0 0 0

{12]2 1 2 4 1 2
== - x—|[x]dx==-|0dx—|1d
2, g[x]d\c _![\f] b 5 £0dr _1[1 X

=2-0-[x]3=2-[2-1]=2-1=1.
1

4_ )4
40. (a): Let I:I%dx
x
1

. I(l‘.—) _j(l‘—a]“dx

= g
X

Put 1—%:t:>—4dx:dt
X" X
1 5 3
1¢ 1 4 - 4 1%
[==|tddt=—x=t4+C=_"|1-—
3j 355 (1 J +C.

15 x°

4 4
Gx+at x4t

. 3 _
41. (a): J(3x+4) dx =3 o

dx

(x+1) g Ix2+1+2x

42. (b):LetI= '[x(x2+1) o)

= J(1+ 22 ]dx =log | x| +2tanlx + ¢
X o xt+1

1-cos2x
43. (b): [sin®xdx = [——="dx
®): | [—
1 sin2x x sin2x
=—| X - + =
2( 2 ] s ¢
44. (d): J'tanzxdx = j[seczx—l) dx
=tanx-x+c¢

- dx

4sin® xcos® x

. (0 Let= 'fsm xcos® x

4Icosec 2xdx=-2cot2x +¢

jx sin 3x dx
11

46. (b):LetI

=x[sin3x dx - J(E(x)._l.sin&\f dx) dx

_ x(_cos3x J_J-_] I(_cosSx de+¢
3 3

= _xcosSx +l cos3xdx+c
3 3

xcos3x 1 sin3x xcos3x N sin3x te

3 '3 3 3 9
47. (d): Let I=[log (x+1)dx = [log(x+1) 1dx
1 11

= log(x+ 1)‘x—_|‘$-xdx

]dx
1

x+1
=xlog (x+1)—jma‘x+jr+

=xlog(x +1)-x+log (x+1)+c

48. (d): Let I= J":an;1 xdx = Itan_l x-1dx
I I

=tan x jl dx — _[Iid;i(tan_] x) jl dx] dx

(x) dx

_ -1
=xtan " x j 2

dx

=xtan" T——J]
+\‘

J’=xtan_1x—510g|1+x2|+c

49. (d): Let [ = _[xz e dx
1o

,3x
:xz[ﬂ_}_
3
y23% e 'e3x ‘
"3 ‘(2@(?)*(2)[5]“

e3x
= —7{9x2~6x+2)+c

50. (a):Let I= I( f(x)g"(x)— f7(x)g(x)) dx
= [ F0g" @) dx = [0 £ ()

= f0)g/(@) = [ F(0g @ dx—g)f(x) + [g/(x)f (x) dx
= f(x)8(x) - g(x)f "(x) +
m/2
51. (d): We have, I= J' cos 2x dx
n/4
_[sian]w2 1
- 2 3/4_ 2
52. (a):Letl= fd—x - 1—[(‘_])]2-1
C 1% U )2
53. (c) : We have I = T dx
. (c) : Wehavel = _,12x+3

_[log(2x+3)]0 _[logS_logl]_logS
- 2 4 L2 2 1 2



3
54. (d): We have, [(x—1)(x—2)(x—3)dx
1

; 3 2 e 1142 ;
= [ -6x +11x—6)dx:[___+ _6x]
1 4 3 2 1
[ﬂ_ﬁ P _15- (LE E_G,JJ 0
4 4 3 2

55. (a): We have, j edx =[]} =¢ - ¢
56. (a): We have, jsin3xc055x dx
= 1_[2c035xsin3x dx
2
= %j(sinSx—sin 2x) dx:%[‘[sin 8xdx —_[sian dx]

1 [—cosBx] 1 {—cos 21’} —cos8x cos2x
= -— +C = +——+C
2 8 2 2 16 4

Both assertion and reason are true and reason is the

correct explanation of assertion.
57. (d): F(x)=[sin®xdx=] %(1 — cos2x)dx

21_51n2x+c
2 4

P(x+n)—F(x)=g¢U

Assertion is false.

sin? (x + 1) = (- sin x)? = sin’x

Reason is true.

58. (a): Let t=— o e .
3 44 E
i 1+x%)3
(1+x3)t3=x3 = P+238=4
B
= P=x31-f) = B=t
1-£2
= 1+x° =
1-£2
Whenx=0,a‘.=0andx=1,t=2"'/3
2—1{3 dt
= I= —
01—t
2n 2n
59. (b): Let = _[sian dx = J'(l—(:os.2 x)sinx dx
0
Putting cos x = t = sin x dx = - dt
Whenx=0,t=1landx=2m,t=1
1
I=J(]—t2)(—df)=0
1
60. (d): Reason is obvious.
M2 5.3 .1 7 _5n
j sinxdx=—x—x—
0 6 4 2 2 32

Assertion is false.

SUBJECTIVE TYPE QUESTIONS

1
1. The antiderivative of 3vVx +——
Jx

= J’[3J§ +%)dx = 3J‘x1/2dx + Ix_l/zdx
X

32 12
=32 4T+ C =2xfx+2x +C

3/2 1/2
=2Jx(x+1)+C
Jcosq (sinx)dx = _[cos_1 [cos(g —:r)] dx
=I(g—x}fx=gx—§+c

3, J sec’ x
COSCCZIX

dx=.[qm xdv—jtan xdx
cos” x

= j{sec2 x—1)dx =tanx -x+ C

4 J2—35inxdxzj( 2 _35inx]dx

C‘082 28 C052 X C082 X

= I(Zsecz x—3secx tanx)dx = 2tanx - 3secx + C

42
5. Letf:jwd
X

1
Putlogx=t = ;a‘x:dt

3
I:Jtzdt:—+C:M+C
3
dx dx 1 dx
6. Letl= = —
j9+4x j FERTY [3)2
4 XT 4 =
2
= lEt (zx)+c_l (2x]+c
4 3 3 6 3
5 5
X 1 x
7. Letl= |x*1 dx = logx - ——|~- —d
e ogx dx = logx-~ Ix T

[Integrating by parts]
5 5
= %logx—%_{x%x = %xs logx—%ﬂf

1 T
8. Here, _[4—a‘x=

2 8
a i
= j 21 2dx:£=>[—tan_1£} _I
QX +2 8 2 21 8
1 1a T 14 T
= —tan —=— = tan —=—
2 2 8 2 4
= E:tanE:l::'a:2
2 4



X

1
e
9, Letl:j d
2.
01+

Pute*=t= e dx =dt
Also,x=0=t=¢e"=1
andx=1= t=el=e¢

Te—tan'1

e
t _ _
sz =[tan 1t]i =tan
1

10. LetI = I\x—S\ dx
1

4 xz 4
= —f(x—5)dx= ——+5x
1 2
——E+54+1—5-—8+20 5+1 7+1=E
2 2 2 2 2

11. Let I=[(1-sin2x)dx

2

= I\/c032x+sin x —2sinx cosx dx

=% J'(cosx —sinx) dx
. T i
Since, Z <x< E'SO we get

I= _[(sinx—cosx)dx = ~(cosx + sinx) + C

.2
12. Let I:ICOSZX+22SIH xdx
cos” x

o2 x - 51n2x+251n2x

dx

Cco
COS X
Cco

o2 x+sm x 1
dx =J 5 dx
cos? x cos” x

sec? xdx =tanx + C

J
J
=

—2x—x2

iji O S
2 7—1 2x—x2 ‘/—
2 1 —(x+1)
=j§sin-1[’1/+71]+czjzsin-l[\g(xﬂ)]w
2

+4x+8 ‘[ x?

o Lge(t2)ic
(x+272+@2)?* 2 2

dx 1

. I: = —
13 Let I\/5—4x—2xz ﬁj\/s
2

14. We have, f 2 dridrd

15. Let] = J&
(x+2)(x+3)
Also let, (x+1) = A B

, +
x+2)(x+3) (x+2) (x+3)
= x+1=A(x+3)+B(x+2)
Putting x = -3 in (i), we get
-B=-3+1=-2=B=2
Putting x = -2 in (i), we get
=2+1=-1

idx+2 de
(x+2) (x+3)
= -log(x +2) + 2log (x +3) + C

16. Let I= J.sin_l(Zx) dx = J.l -sin”! (2x) dx

Integrating by parts, we get

=sin~ (2x)x J.(\/—(Zx) dex
=xsin? (2x)— I% dx
—4x

— dt
= 1 1 )x)+ | —
xXsim ( X) J. \/;

(Putting 1 - 4x> =t = -8xdx = df)

= xsin~!(2x) + 4()1/2+c
=xsin” (2x)+2\/1 4x? +C

17. Letl= J.x tan" ! xdx

Integrating by parts, we get

I=tan"'x J. xdx — J.{dii(tan_l x)'fxdx}dx

2
1 3 x—dx
(1+x%) 2

2 -1
_x"tan x—lj(l— 1 )dx
2 2 1+x2

t
SR

= (tan_l x)% - J

1+x2

Ptanx x 1
=2 2 tanlx+C
2 2 2

1 _
=f(1+x2)tan y-Zic
2 2

2
18. Let]= j[l—%]ezxdx
pLx 2x
Putting 2x =y = 2dx =dy

Asx—>1=y—2andx—>2 = y—4



1
19. LetI= Jtan_l (71 —2x 5 )dx
1+x—x

= jta [73(] dx
1+x(1-x)

I=|[tan™ (1 x)—tan x]dx

I=[[tan"' x —tan~ (1 x)] dx

o'—.»—\ o'—.»—\

[Using property, T f(x)dx = } f(a—x)dx

0 0
Adding (i) and (ii), we get
1

2l = J[tan_l(l —x)—tan x+tan ' x —tan"}(1-x)]dx = 0

0

= [=0
sinx
9 1+tanx ¢ ( )
20. Let = [ ¢ x= [ —COSXL gy
7n(1—tanx n( smx)
4 4 Ccosx

0
J‘ Cosx+smx

n COSX — smx

Put cosx - sinx = t = —(sinx + cosx) dx = dt

Whenx=0,t=1, Whenx—— =2
1 V2
dt dt V2
I= J.—?: J.T:[logt]l
V2 1

=logv2 -log1l =110g2

21. Let] = J sin(x — a) J sin(x+a— Za) g
sin(x + a) sin(x + a)

_ J- sin(x + a)cos2a — cos(x + a)sin 2a dx
sin(x +a)

= I= cosZade ngade
sin(x +a)

Put sin (x +a) =t = cos(x + a)dx = dt
= I= cosZade —siHZaIﬁ

t
= x cos 2a - sin 2a log|sin(x + a)| + C

22. -[sin x sin 2x sin 3x dx

= fsin 3x sinx sin2x dx

= %J. (cos2x — cos4x) sin2x dx
1, . 1 .

= fJ‘sm2x cos2x dx—fj‘cosélx sin2x dx
2 2

= 1J’sin4x dx —1_[ (sin6x —sin 2x) dx
4 4

= 1Jsinﬁlx dx —lj sin6x dx +1Jsin2x dx
4 4 4

1 [ —cos4x _ (-cos6x) (= cos2x) ] LC

4 4 6 2

1 [ cosbx cosdx cos2x ]
=— - - +C

4 6 4 2

23. Let I:J(Vtanx ++/cotx)dx
smx /cosx smx+cosxd
cosx sinx \/ sinxcosx

0 sinx + cosx dx =2 sinx + cosx i
J\/ZSiI‘lXCOSX J.\/sir12x+1—1 g

_\/—J‘\/SIHJC+COSX =\/§ sinx+cosx dx

1-(1-sin2x \/1—(Sinx—cos x)?

Put sin x - cos x = t = (cos x + sin x) dx = dt

]

=2sin7! (sinx —cosx)+C

=\V2sin1t+C

1 1
2x+5)——
24 Let 1=[2*2 Jz( "2,
x? +5x+6 Va2 +5x+6
dx

=%J(x2 +5x+6) 2 2x+5)dx - |

2 V% +5x+6

Putx?+5x+6=t = (2x+5)dx=dt
S Y R S—
2 2

)

1¢1/2 5 59 (1Y
=—————log (x+f)+ (x+f) —(7) +C
2 1 2 2 2
2
=\/x2+5x+6—%logx+g+\/x2+5x+6 +C
§(2x+4)—7
25. Let I=| 43 (2 dx
Va2 +4x+10 Va2 +4x+10

- 7'[ 2x+4 —7J dx
2 \/x2+4x+10 \/x2+4x+10
=1, + 1, (say)

(1)



where 11=§ ﬂdx

VaZ +4x+10

Putx2+4x+10=t:>(2x+4)dx=dt

/2
=2t a=2 s
(1/2)
=5vx? +4x+10+Cq ..(2)
d
and 12=—7_[ al

Va2 +4x+10

_7J'L
(x+2)* +(/6)?
:—710g|x+2+M|+C2 -(3)

From (1), (2) and (3), we get

I = 5{x? +4x+10-7log | x+2+Vx? +4x+10 | +C,

where C=C; + C,

sinx —cosx sinx —cosx
26. Let I= | ———dx = | 222 2~
-[ Vsin2x I\/1+sir12x—l *
sinx —cosx

dx

\/sin2 x+cos?x+2sinxcosx —1
sinx —cosx
= -dx
\/(sinx +cosx)? -1

Putsinx + cosx =t = (cos x - sin x) dx = dt
I:I —dt =—log|t+\lt2—1|+C
V-1 ,
(where t = sin x + cos x)

:—Iog|sinx+cosx+\/sin2x|+C
(x +1)(x +4)
(x?+3)(x? -5)

27. Let I= j dx

Letx?=t
2+ +4)  (F+1)(E+4)
(% +3)(x>=5) (t+3)(t-5)
_ 245044 L 7t419
(t+3)(t-5) (t+3)(t—5)
7t+19 A B
(t+3)(f-5) t+3 t-5

= 7t+19=A(t-5) + B(t +3)

27
Putting t =5, we get B = —

4
. 1
Putting t = - 3, we get A = 1
12 +5t+4 1 27
=1+ +
(t+3)(t-5) 4(t+3) 4(t-5)
X +1 )(x +4)
SRR ese et b o e

(x +3 (x +3

ZJ.(XZ 5 dx

—x+itan_1(i)+gxilo
NG B %
x—J§+C

x—+5
x++/5

+C

:x+itan71(i)+2—710
43 J3) 8J5
x
28. Let I:Jzidx
+1)(x-1)
X Ax+B C

Let (x2+1)(x—1): 21 +x—1 (1)

= x=(Ax +B)(x-1) + C(x*+1) )
Comparing coefficients of x%, x and constant terms, we

get
A+C=0,B-A=1,-B+C=0

Solving these, we get

asleolpl
2 2 2

From (1), we get

x ‘*(x 1) L1
HlE-1) T2
1 x 1 1 1 1
2 x241 2 ¥%41 2 x-1

-3

= I:—flo 2 +1 +7tan_lx+flo x-1]+C
Jlogl? +11+ Jlog|x=1]+Cy

x2+1

x+1 7J‘x+12x1

29. Let I=[e sin(3x+1)dx
2x

= ezx'[sin(?)x +1)dx— J(% . J.sin(?)x + 1)dx) dx
x

_ [-cos(Bx+1)] J~2€2x [cos(3x+1)] "

3 3

=M ZJ ¥ cos(3x +1)dx
3

_ 2
_—e7 cos(Bx+1) + %[ezxjcos(Sx +1)dx

3
f( (¢%)- [cos(3x +1)dx )dx]
- cos(3x+1) 2 o,

= g esin(r+])

3
—éjezx sin(3x + 1)dx
9
- cos(3x+1) 2 4
= 4+ =T sin(Bx+ 1) —=1+C;
3 9 9
_,2x
I+ gl =2¢ cosrrd) coz(3x 1) + %ezx sin(Bx+1)+C,



2
131 _—e cos(3x+1) 2 o2 sin(B3x+1)+C
9

9 3
E[M
13 3

22 o [2sin(3x +1)—3¢?* cos(3x +1)

= I= +%ezxsin(3x+l)+cl]

]+2Cl
13 9 13
= %32){[2 sin(3x +1)—3cos(3x +1)]+C
9
where C=—C;
13

X COSs -1

30. Let I= j\/—
1-x2

Put cos”'x =0 = x=cos 0 = dx = - sin 0 dO
cos6(0)

jﬁ(—sine)de = I=—[6cos0d0
— COS

= -I= ejcos 0 de—j(d%ejcosede)de

= I=

- —1=esine—jsinede — _I=0sinO+cos0+C

= I=—[C0571x\/1—00529+x]+C
= —[\ll—xz COS_1X+X]+C

n/2
31. Let = _[ x%sinx dx
0

Integrating by parts, we get

n/2
I= [x cosx] - J. 2x(—cosx)dx
0
2 n/2 n/2
:—— 0+0+2 _[ xcosxdx=2 J. xcosxdx
0 0

Again integrating by parts

n/2
J 1~sinxdx}

I= 2|:[xsir1x]g/2 -
0

—2{51 0- [Cosx]”/2} —2[ +(0- 1)]

T
32. Let [= Jezx -sin(E+x)dx
0 4

Put Pyx=tox=t-" = dx=dt
4 4

When x =0, t:g and when x = &, t:%ﬂ'

5n/4 2 t—E 5m/4
I= J. e( 4)sintdt:efn/2 J e sintdt
/4 n/4

eZt
=¢™2||sint——
2

5m/4 51/4 eZt
) - J cost—dt
2

n/4 n/4
=e_“/2[ (SK/Zsm——e”ﬂsinE)
2 4 4
2t on/4 5m/4 ot
—(COStJ - _[ —sintdt
4 T4 4

2 [1(;165n/2 _ien/Z)
2(V2 V2

_1(_L85n/2 _ 1 e )]_i
V2 V2 4

4
1 2 1 .5
= J+-= I— —[ T ——[e? 41
22 4J§[ ]
5 (e2“+1)[1 ] 1 . on
= —=I= ——1|=———F[e""+1
4 242 4J§[ ]
-1
= I=——(1+e7
5\5( )
33. Let [= jidx
1+sinosinx
T T—x a a
= I=|——dx |- x)dx =| f(a—x)dx
£1+sinocsin(n—x) -([f( ) -([f( )
% T z x
= I:j - - dx—J - ——dx
01+smocsmx 1+sinosinx
x T
= I=17dx I = 2I= Jidx
01+sinocsir1x 1+sinosinx
¥
= 2l = EI““ﬁ‘l“f“*dx
01+smocsmx
n 1+tan2£
= 20=xf dx
0(1+tan25+sin0c><2tan£)
2 2
[ sin2A = ﬂ]
l+tan“ A
seczf
I= 2 dx

E
2 (1+tan 7+smoc><2tanx)
2 2

Let tanE—t:>sec fdx 2dt

Also, whenx — 0, t — tan 0 = 0;

T
when x — 7, t — tan E:oo

e et

t +2tsina+1



= I= nJ 7—dt
(t+sm0c) +cos“ o
= —

T 1 t+sina )]
coso. coso. /Jlp
T - - T (n
I= [tan Too—tan 1(tanoc)] = I= (7_()()
cos o cosa\2

4
34. Let I=[(|x—1]+|x—2|+|x—4|)dx
1

Also, let f(x) = |x -1] + |x-2| + |x - 4|
We have three critical points x =1, 2, 4.
x-1)-(x—2)—(x—4),if 1<x<2
f(x):{(x—1)+(x—2)—(x—4),if2£x<4
) -x+5,if1<x<2
S ):{x+l,if2£x<4
4

2 4
= [ fydx= j Fldx+ j oy

1

2 5 2 5 4
x

_[( —x+5) dx+f (x+1)dx —|:—+5x:| +[+x]

1 2 2

(b (Bop(Eep )

=§-2+12-4=16-2 =2
2 2
L3
35. Let 1
et 1=
£1+\/ta x)
6
r r
3 3 oo
D £ [ LY R S S (1)
TL( + Slnx) T cosx ++/sinx
g COosXx g
: G+5)
3 cos| = +=—x
= I:J. 3 6 dx
T T
E\/C ( +——x)+\/sin( +——x)
6 3 6 6
b
[ J.f(x)dx:_[f(u+b X :|
a
: 5-)
3 cos| =—x
= I=J. 2 dx
b T
i Cos(——x)+ sm(f—x)
6 2 2
n
- I:T sinx dx )
7 Vsinx ++/cosx
6

Adding (1) and (2), we get

T T
ki : 3
ZI_J’\/COSX‘F s%nxdx:jdx
n\/COSX+ smx T
6 6
/3 (m m) m _T
= 21—[ ]n/é—(g—g)—g :>21—6
T
= = —
12
36. Let I= j 6x+7 _J 6x+7 dx
Ja=5)x-4 " 712 _9x+20

Let 6x+7=A[d—(x2 —9x+20)]+B
X
6x +7=A[2x-9] +B

Equating the coefficients of like terms from both sides,

we get
2A=6and-9A+B =7
= A=3and
-9B8)+B =7 = B=7+27=34

3(2x-9)
x% —9x +20

d+'|‘\/x dx

1=
Ix/ 295420

Put x2 - 9x + 20 = t in first integral
dx

2
J(m) 22081
2 4

Izj%dt+34j

1/2
=30 a4 dx
1/2 \/ 92 (1}
+-3)-()
2 2
2 2
9 9 1
=6+t +341 -— |+ -—— | -1=][|+C
Vi Og(x 2) (x 2) (2)
= 6y/x%*—9x+20+34log (x—%)+ Va? —9x+20|+C
37. Letl= J.xiﬂdx
1)%(x +3)
x?+1 A B C
Let 5 = + 5+
(x=-1)(x+3) x-1 (x-1)° x+3

= x2+1=A(x - 1)(x + 3) + B(x + 3) + C(x -1)°

Putx=11in (1), we get B =
Put x = -3 in (1), we get C =

Put x =0in (1), we get A=

®|W | ur N =

(1)



e S Y
(x-1%(x+3) 8 x=1 2 (x-1)> 8 x+3

Integrating both sides, we get

J x +1 *J. J dx
(x=1)%( x+3 29 (x-1)2
E dx
8/ x+3
1
1 +3|+C
2( -1 80g|x [+Cq
X —COSs 1\/—

dx,x €[0,1]

38. Let J— jsm
sin Vx +cos " Vx

. _ T
We know that sin'vx +cos ™ vx ==

2
= sin! Jx= g —cos! Jx

E—2cosflx/; 4
I:jzidx=J.1~dx——J1-cos_lJ;dx
n/2 T
| DU B
=x n[x cos 'Wx _[ m 2\/_dx]+C

Put x = sin%0 = dx = 2 sin 0 cos 0 dO

sin’ 9 -2sin6 cos0d6 +C

s I= x—fxcos x - j

1-sin0
=x—éxcos_lﬁ—gjﬂ-251n9cosed9+C
b4 Y cosO
4 a 2
=Xx——xCO0s &—71(1—C0526)d6+c
b4 T

:x—éxcos_lﬁ—g[e—ﬂ]+c
T T 2

—x—éxcos T x-= 9 sinBcos6]+C
T

—x—éxcos_lx/_ [sm L x =Jx1- x]
T T

n/4
39. LHS.= j (Vtan

N/ sin x COSX SlI’l X+ Ccosx dx
cos x sinx sm X COsX

x + Cotx

\J2sinxcosx

sinx +cosx
=\2 J. dx

\/1 (sinx — cosx)
Let sin x - cos x = t, then (cos x + sin x) dx = dt

Also,x=0 = t=-landx=n/4 = t=0.

- J— (s1nx+cosx)d - _[ \/ sinx +cosx g
1-

(sinx —cos x)2

n/4

_[ (Vtan
=\/§[sin_1t]0

x ++cotx) dx = \/—J

dt
1V1-#
=2 [sin" 0—sin~! (-1)]

- 2-sin_11:\/§-E=R.H.S.

40. Let [= j L - e
2 cos? x +b%sin?x
o 1= T (m—x)dx
Oazcos (r—x +b251n2(n X)

Using j. flx)ydx = _‘i f(a—x)dx
0

0

(0 —x)dx

5 5 -(2)

T
= I:f 5
A cos 2y +b%sinx

Adding (1) and (2), we get
=5

2
2 04

1
Let f(x)=
f a% cos? x +b?sin? x

= f(n-x)= !
a? cosz(n —x)+ b? sin2(1't —X)

1
= T—Xx)= = f(x
A ) 2% cos? x + b2 sin? x &)

cos? x + b2 sin? x

2a a
[usingj. f(x)dx = ZJf(x) dx, if f(2a—x)= f(x)]
0 0

T 2n/2 dx
T2 Jz 2 b2sinx

o a°cos x+b“sin

/2 sec? xdx
= I==x S5 5
b a +b” tan” x

Put tan x = t = sec?xdx = dt.
Also whenx=0 = t=tan0=0.

And when x:g:ﬂ:tanﬁz

1= _ ot
J. 2+b22 bz{(a)2+t2
b
= I= —Z[btan_l(ﬁ)]
a a 0
2



